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QUASI PROJECTIVE DIMENSION FOR COMPLEXES
TIRDAD SHARIF
Abstract. In this note, we extend the quasi-projective dimension of finite
(that is, finitely generated) modules to homologically finite complexes, and we
investigate some of homological properties of this dimension.
1. Introduction
Throughout, all rings are commutative and Noetherian. In [1] Avramov, and in
[5] Avramov, Gasharov and Peeva defined and studied the complexity, the complete
intersection dimension, and the quasi projective dimension of finite modules.
Let Dfb (R) be the category of homologically finite R-complexes, and X ∈ D
f
b (R).
The complexity and the complete intersection dimension of X , denoted by cxRX
and CI-dimRX , respectively, were defined and studied by Sather-Wagstaff [14].
In this work, we introduce the quasi-projective dimension, as a refinement of the
projective dimension, for homologically finite complexes and verify some of it’s
homological properties analogous to those holding for modules.
Let Y, Z ∈ Dfb (R). In our main result, Theorem 3.5, as an application of the
Intersection Theorem for the quasi-projective dimension, Proposition 3.2(b), and
the depth formula for the complete intersection dimension, Proposition 3.4, a
lower bound and an upper bound for − supRHomR(Z, (X ⊗
L
R Y )) with respect to
CI-dimRX, cxR(X) and − supRHomR(Z, Y ) is determined, when sup(X⊗
L
R Y ) <
∞ and CI-dimRX <∞. This result is as an extension of a grade inequality in [16,
(3.3)] to complexes; see Example 3.8 about this inequality.
2. Homology theory of complexes
In this paper, definitions and results are formulated within the framework of the
derived category of complexes. The reader is referred to [3, 6, 9, 10] for details of the
following brief summary. LetX be a complex ofR-modules and R-homomorphisms.
For an integer n, the n-th shift or suspension of X is the complex ΣnX with
(ΣnX)ℓ = Xℓ−n and ∂
ΣnX
ℓ = (−1)
n∂Xℓ−n for each ℓ. The n-th cokernel of X is
CXn =cokernel ∂
X
n+1. The supremum and the infimum of a complex X , denoted by
sup(X) and inf(X), respectively, are defined by the supremum and the infimum of
{i|Hi(X) 6= 0} and let amp(X) = sup(X)− inf(X). The symbol D(R) denotes the
derived category of R-complexes. The full subcategories D−(R), D+(R), Db(R) and
D0(R) of D(R) consist of R-complexes X while Hℓ(X) = 0, for respectively ℓ≫ 0,
ℓ≪ 0, |ℓ| ≫ 0 and ℓ 6= 0. By Df we denote the full subcategory of complexes with
all homology modules are finite, called homologically degreewise finite complexes.
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A complex X is called homologically finite, if it is homologically both bounded and
degreewise finite. The right derived functor of the homomorphism functor of R-
complexes and the left derived functor of the tensor product of R-complexes are
denoted by RHomR(−,−) and −⊗
L
R −, respectively. A homology isomorphism is
a morphism α : X → Y such that H(α) is an isomorphism; homology isomorphisms
are marked by the sign ≃, while ∼= is used for isomorphisms. The equivalence
relation generated by the homology isomorphisms is also denoted by ≃.
2.1. Let X and Y be in D+(R), then there is an inequality
inf(X ⊗LR Y ) > inf X + inf Y.
Equality holds if i = inf X and j = inf Y are finite and Hi(X)⊗R Hj(Y ) 6= 0.
2.2. The support of a complex X , Supp (X), consists of all p ∈ Spec (R) such that
the Rp-complex Xp is not homologically trivial.
2.3. Let R be a ring. If (R,m, k) is local, depth of a complex X ∈ D−(R) is defined
as the following
depthRX = − supRHomR(k,X).
(a) Let X ∈ Dfb (R), then the following inequality holds
depthRX 6 depthRp Xp + dimR/p.
The dimension of a complex X ∈ D+(R) is defined by the following formula
dimRX = sup{dimR/p− inf Xp|p ∈ SuppRX}.
(b) Let X ∈ Df+(R), then the following inequality holds
dimRp Xp + dimR/p 6 dimRX.
(c) Let Y ∈ Df+(R) and X ∈ D−(R), then the next equality holds
− supRHomR(Y,X) = inf{depthRp Xp + inf Yp|p ∈ SuppX ∩ SuppY }.
2.4. For a ring R, let (−)∗ = HomR(−, R). A finite R-moduleM is totally reflexive
over R if M is reflexive and Ext iR(M,R) = 0 = Ext
i
R(M
∗, R) for all i > 0. Let
X ∈ Dfb (R). A G-resolution of X is a complex G ≃ X , such that each Gi is totally
reflexive over R. The Gorenstein dimension of X is
G-dimR(X) = inf{sup{i|Gi 6= 0}|G is a G-resolution of X}.
3. Quasi-projective dimension for complexes.
In this section, all rings are local. We introduce the quasi-projective dimension, as
a refinement of the projective dimension for homologically finite complexes.
At first, we bring some notions and definitions.
3.1. Let R be a ring, a codimension c, quasi-deformation of R is a diagram of
local homomorphisms R → R′ ← Q such that the first map is flat and the second
map is surjective with kernel generated by a Q-sequence of length c. The complete
intersection dimension and the complexity of a complex X ∈ Dfb (R) are defined
analogous to those of modules as the following
CI-dimRX = inf{pdQX
′ − pdQR
′|R→ R′ ← Q is a quasi-deformation},
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where X ′ = X ⊗R R
′, and
cxR(X) = inf{d ∈ N0|βn(X) 6 γn
d−1 for some γ ∈ R}
in which, βn(X) = dimk Hn(X ⊗
L
R k) is the n-th Betti number of X .
Now we define the quasi-projective dimension of X ∈ Dfb (R) similar to that of
modules as the following
qpdRX = inf{pdQX
′|R→ R′ ← Q is a quasi-deformation}.
In the first part of the following proposition, we extend [5, (5.11)] to complexes.
In the second part, we show that in the Intersection Theorem, [9, (18.5)], we can
replace the projective dimension with that of the quasi-projective dimension. Note
that by [9, (16.22)] it is an extension of [16, (3.1)] to complexes.
Proposition 3.2. Let X ∈ Dfb (R) with CI-dimRX <∞ and Y ∈ D
f
+(R). Then
(a) qpdRX = CI-dimRX + cxR(X).
(b) dimR Y 6 dimR(X ⊗
L
R Y ) + qpdRX.
Proof. (a) From [14, (3.10)] it follows that cxR(X) <∞. Thus CI-dimRX+cxR(X)
and qpdRX are finite. Let P be a projective resolution of X. We only need to
show that qpdR P = CI-dimR P + cxR(P ). Take n > supX , and let C
P
n be the
n-th cokernel of P . By [14, (2.12)] and [14, (3.7)] we get cxR(X) = cxR(C
P
n )
and CI-dimR C
P
n < ∞, respectively. Hence by [5, (5.10)] we can choose a quasi-
deformation R→ R′ ← Q of codimension equal to cxR(X) such that pdQ C
P ′
n <∞,
where P ′ = P ⊗R R
′. Let P6n−1 and P>n be the hard left and the hard right
truncations of P , respectively. The following sequence of complexes is exact
0 −→ P6n−1 −→ P −→ P>n −→ 0. (3.2.1)
Since R′ is faithful flat as an R-module, the following sequence of R′-complexes is
also exact
0 −→ P ′6n−1 −→ P
′ −→ P ′>n −→ 0.
It is clear that pdR′ P
′
6n−1 < ∞. Since pdQR
′ < ∞, thus pdQ P
′
6n−1 < ∞. On
the other hand, P ′>n ≃ Σ
nCP
′
n and pdQC
P ′
n < ∞, thus we have pdQ P
′
>n < ∞.
Now from the above exact sequence we find that pdQ P
′ <∞, and this implies that
qpdR P 6 pdQ P
′. From [14, (3.3)] we have the following (in)equalities
qpdR P − CI-dimR P 6 pdQ P
′ −G-dimRP
= G-dimQP
′ −G-dimRP
= G-dimR′P
′ + cxR(P )−G-dimRP
= cxR(P ),
where the equalities hold by [6, (2.3.10)], [6, (2.3.12)], and [7, (5.11)], respectively.
On the other hand, there is a quasi-deformation of codimension c, R → R′′ ← Q′
such that qpdR P = pdQ′ P
′′, where P ′′ = P ⊗R R
′′. Therefore from (3.2.1) we get
pdQ′ C
P ′′
n <∞, and from [5, (5.9)] it follows that cxR P = cxR(C
P
n ) 6 c. We have
the following equalities
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qpdR P − CI-dimR P = pdQ′ P
′′ −G-dimRP
= G-dimQ′P
′′ −G-dimRP
= G-dimR′′P
′′ + c−G-dimRP
= c > cxR(C
P
n ) = cxR(P )
in which, we have used [6, (2.3.10)], [6, (2.3.12)], and [7, (5.11)] again. Now assertion
holds.
(b) Let ρ : A → B be a surjective homomorphism of rings and let X,Z ∈ Dfb (B).
Then it is easy to see that, dimA(X ⊗
L
A Z) = dimB(X ⊗
L
B Z). Now let qpdRX =
pdQX
′, when R→ R′ ← Q is a quasi deformation. From [9, (18.5)] we get
dimQ Z
′ 6 dimQ(X
′⊗LQZ
′)+pdQX
′. (3.2.2)
We have dimQ Z
′ = dimR′ Z
′ and dimQ(X
′ ⊗LQ Z
′) = dimR′(X
′ ⊗LR′ Z
′), because
Q → R′ is surjective. By the associativity of the derived tensor product we get
X ′ ⊗LR′ Z
′ = (X ⊗LR Z)
′. Since R′ is a flat R-algebra, from [4, (2.1)] we have the
following equalities
dimR′ Z
′ = dimR Z + dimRR
′/mR′,
and
dimR′(X ⊗
L
R Z)
′ = dimR(X ⊗
L
R Z) + dimRR
′/mR′.
By combining (3.2.2) with the above equalities, we get the following inequality
dimZ 6 qpdRX + dimR(X ⊗
L
R Z).
Now let Y ∈ Df+(R). Since Hm(Y ) is a finite R-module, from the above inequality
it follows that
dimRHm(Y ) 6 qpdRX+dimR(X⊗
L
RHm(Y )). (3.2.3)
Let P be a projective resolution of X . Thus P ≃ X and Pi = 0, for i ≪ 0. By
applying [9, (16.24.b)] we get
dimR(P ⊗R Y ) = sup{dimR(P ⊗R Hm(Y ))−m|m ∈ Z}.
Therefore
dimR(X ⊗
L
R Y ) = sup{dimR(X ⊗
L
R Hm(Y ))−m|m ∈ Z}.
Now from (3.2.3) assertion holds. 
Remark 3.3. Let F(R) be the category of R-modules of finite flat dimension. The
large restricted flat dimension of X ∈ D+(R), RfdRX , was introduced and studied
by Christensen, Foxby and Frankild in [8], and is defined as the following
RfdRX = sup{sup(T ⊗
L
R X)|T ∈ F(R)}.
It is shown that Rfd is a refinement of the flat dimension, [8, (2.5)]. By [15, (3.6)],
it is easy to see that RfdRX is also a refinement of CI-dimRX , for X ∈ D
f
b (R).
Using these facts, we can prove the first part of the above proposition, without any
using of the Gorenstein dimension. However, by [9, (12,13)], [11, (2.6)], and [14,
(3.3)], we can also prove it, without any using of the above dimensions, see the
proof of [5, (5.11)].
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The next proposition is the depth formula for the complete intersection dimension
of complexes, immediately follows from [13, (3.3)] and [14, (3.3)].
Proposition 3.4. Let CI-dimRX <∞ and Y ∈ D
f
b (R), if λ = sup(X⊗
L
RY ) <∞,
then
depthR(X ⊗
L
R Y ) = depthR Y − CI-dimRX.
Now we are in the position of proving our main result.
Theorem 3.5. Let X,Y, Z ∈ Dfb (R), if CI-dimRX < ∞ and sup(X ⊗
L
R Y ) < ∞,
then
(a) − supRHomR(Z, Y )− CI-dimRX 6 − supRHomR(Z, (X ⊗
L
R Y )).
(b) − supRHomR(Z, (X ⊗
L
R Y )) 6 ampY + cxR(X) − supRHomR(Z, Y ) −
inf X.
Proof. (a) From 2.3(c) it follows that there is p ∈ SuppRX ∩ SuppRY ∩ SuppRZ
such that
− supRHomR(Z, (X ⊗
L
R Y )) = depthRp(Xp ⊗
L
Rp
Yp) + inf Zp.
Thus we have
− supRHomR(Z, (X ⊗
L
R Y )) = depthRp Yp − CI-dimRp Xp + inf Zp
> depthRp Yp − CI-dimRX + inf Zp
> − supRHomR(Z, Y )− CI-dimRX
in which, the equality holds by Proposition 3.4 and the inequalities hold by [14,
(3.4)] and 2.3(c), respectively
(b) By 2.3(c) for some p ∈ SuppRZ ∩ SuppY , we get − supRHomR(Z, Y ) =
depthRp Yp+inf Zp. Now let W = (R/p⊗
L
RX⊗
L
R Y ). Since X⊗
L
R Y ∈ D
f
b (R), thus
we can choose a prime ideal q of R which is minimal in SuppW . Therefore p ⊆ q
and q ∈ SuppX∩SuppY . On the one hand, since p ∈ SuppZ, thus q ∈ SuppZ. Let
V = (R/p ⊗LR Y ). Since Vq ∈ D
f
+(Rq) and Xq ∈ D
f
b (Rq), from Proposition 3.2(b)
it follows that
dimRq Vq 6 qpdRq Xq + dimRq Wq.
Using 2.1 and the definition of dimension of complexes, it is straightforward to
verify that dimRp Vp = − inf Yp and dimRq Wq = − infXq − inf Yq.
By 2.3(a) and 2.3(b), we have the following inequalities, respectively.
dimRq/pRq > depthRq Yq − depthRp Yp
and
dimRq Vq > dimRp Vp + dimRq/pRq.
Therefore the following inequality holds
− inf Yp + depthRq Yq − depthRp Yp 6 qpdRq Xq − inf Xq − inf Yq.
Proposition 3.4 yields an equality
depthRq Yq = depthRq(Xq ⊗
L
Rq
Yq) + CI-dimRq Xq.
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Now from Proposition 3.2(a) we get the following inequality
depthRq(Xq⊗
L
Rq
Yq)+inf Xq+inf Yq−inf Yp+inf Zp 6 cxRq(Xq)+depthRp Yp+inf Zp.
It is easy to see that cxRq(Xq) 6 cxR(X), and inf Zq 6 inf Zp. Thus from 2.3(c)
we have
− supRHomR(Z,X⊗
L
RY )+inf Xq+inf Yq− inf Yp 6 cxR(X)−supRHomR(Z, Y ).
Therefore
− supRHomR(Z,X ⊗
L
R Y ) 6 ampY + cxR(X)− supRHomR(Z, Y )− inf X.
Now assertion holds. 
Let M and N be R-modules. Then
gradeR(M,N) = inf{i|Ext
i
R(M,N) 6= 0}.
If Ext iR(M,N) = 0, for all i, then gradeR(M,N) =∞. We say that M and N are
Tor-independent, if TorRi (M,N) = 0, for i > 0.
The following grade inequality, see [16, (3.3)], is an immediate corollary of the above
theorem.
Corollary 3.6. Let M , N and L be finite R-modules with CI-dimRN < ∞ such
that M and N are Tor -independent R-modules. Then
grade(L,M)− CI-dimRN 6 grade(L,M ⊗R N) 6 grade(L,M) + cxR(N))
In Example 3.8, it is shown that grade(L,M ⊗R N) may be arbitrary greater than
grade(L,M) − CI-dimRN . This example also shows that in the above inequality,
the term cxR(N) is strongly necessary.
3.7. Let k be a field and let Rt for t = 1, 2 be k-algebras, and suppose that Mt
is an Rt-module. Let R = R1 ⊗k R2, N = M1 ⊗k R2, and M = M2 ⊗k R1. It is
easy to see that TorRi (M,N) = 0, for i > 0, see [12, (4.2)], and N ≃ M1 ⊗R1 R,
M ≃M2 ⊗R2 R.
Example 3.8. We use the above notations. Take an arbitrary integer n > 1.
Let Q1 = k[[Xj , Yj ]], B1 = (XjYj), for 1 6 j 6 n and Q2 = k[[Xj , Yj ]], B2 =
(XjYj), for n < j 6 2n. It is clear that the local rings Rt = Qt/Bt, for t = 1, 2,
are non-regular complete intersections of codimension n. Let M1 = R1/(Yi)R1
and M2 = R2/(Yj)R2, for 1 6 i 6 n and n < j 6 2n, respectively. We have
depthRt = depthRt Mt = n, for t = 1, 2, and the Auslander-Buchsbaum formula
for the complete intersection dimension yields CI-dimRt Mt = 0, for t = 1, 2.
Let L1 = R1/(Xi)R1, for 1 6 i 6 n. Theorem 3.2(b) and [9, (16.22)] yield
dimR1 L1 6 cxR1(M1)+dimR1(L1⊗R1M1). Since L1⊗R1M1 ≃ k and dimR1 L1 = n,
thus cxR1(M1) > n, and from [2, (8.1.2)] we have n = cxR1(k) > cxR1(M1), thus
cxR1(M1) = n. It is easy to see that R = k[[Xℓ, Yℓ]]/(XℓYℓ) and M ⊗R N =
R/(Yℓ)R, for 1 6 ℓ 6 2n. By 3.7, M and N are Tor -independent R-modules.
Now let L = R/(Xℓ)R, for 1 6 ℓ 6 2n. Then we get gradeR(L,M) = n, and
gradeR(L,M ⊗R N) = 2n. The natural local homomorphism ϕt : Rt → R is flat.
Using 3.7, since R is complete intersection, from [5, (1.13.1)] and [5, (5.2.3)] we
get CI-dimRN = 0 and cxR(N) = n, respectively. Therefor the left side of the
inequality of Corollary 3.6 is equal to n, and it’s right side is equal to 2n.
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